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FLOW SIMULATION IN THREE-DIMENSIONAL DISCRETE
FRACTURE NETWORKS∗

JOCELYNE ERHEL† , JEAN-RAYNALD DE DREUZY‡ , AND BAPTISTE POIRRIEZ‡

Abstract. In fractured rocks, fluid flows mostly within a complex arrangement of fractures.
Both the fracture network structure and its hydraulic properties are determined at first order by
the broad range of fracture lengths and densities. To handle the observed wide variety of fracture
properties and the lack of direct fracture visualization, we develop a general and efficient stochastic
numerical model for discrete fracture networks (DFNs) in a three-dimensional (3D) computational
domain. We present an original conforming mesh generation method addressing the penalizing
configurations stemming from close fractures and acute angles between fracture intersections. Flows
are subsequently computed by using a mixed hybrid finite element (MHFE) method. The lack of
direct fracture knowledge is treated by Monte-Carlo simulations requiring simulations with a large
number of networks with various characteristics. We analyze the complexity in size and in time for
the computation of flow in 3D DFNs meshed with our method and compare with the complexities for
2D rectangular domains meshed with a regular grid. We find out that complexity in size is similar
whereas complexity in time is slightly larger for DFNs than for 2D regular domains.
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1. Introduction. Numerical simulations in hydrogeology aim at finding the so-
lution of the flow (and transport) equations in a complex, only partly identified,
geologic system. Here we consider rocks where groundwater flow is channeled in
fractures. Our model is based on discrete fracture networks (DFNs) and follows a
stochastic approach.

1.1. Motivation. The interest of fractured rocks for groundwater flow has grown
in the last two decades in several respects, ranging from the storage of high-level nu-
clear wastes to water resources [8]. As fractures act as fast flow conduits, they deter-
mine the medium hydraulic properties like the flow pattern and the permeability. For
rocks of very small permeability like crystalline rocks, the sole flow bearing structures
are the fractures. Flow properties may be dominated by a few large fractures, by a
dense network of small fractures, or by a combination of fractures of very different
sizes [11], [12].

The nature of the flow pattern depends directly on the fracture length distribu-
tion and on the density of fractures. For dense fracture networks, flow will be well
spread in the medium and could be advantageously modeled by continuous porous-
like methods where fractures are implicitly taken into account by the permeability
repartition of the equivalent porous medium. For sparse fracture networks, flow will
be more likely channeled in the most permeable and accessible fractures and could be
better modeled by discrete approaches where fractures are explicitly represented [23].

∗Received by the editors July 3, 2008; accepted for publication (in revised form) March 10, 2009;
published electronically June 25, 2009. This work was supported by the French government, with
ACI-GRID project Hydrogrid and ANR-CIS project MICAS.

http://www.siam.org/journals/sisc/31-4/72924.html
†INRIA, Campus de Beaulieu, 35042 Rennes, France (Jocelyne.Erhel@inria.fr).
‡University of Rennes 1 (UMR CNRS 6118), Campus de Beaulieu, 35042 Rennes, France (Jean-

Raynald.de-Dreuzy@univ-rennes1.fr, baptiste.poirriez@irisa.fr).

2688



FLOW SIMULATIONS IN 3D DFN 2689

Flow properties depend also on the spatial variability of fracture aperture, which can
be represented by a discrete approach. This method also provides ways to study flow
and transport processes by numerical simulations [27] and may in turn give upscal-
ing rules for permeability measurements, the flow pattern salient characteristics, and
indications on hydraulic properties that cannot be directly observed on field tests.

Natural fractures occur on a broad range of scales. Because fractures cannot be
observed in 3D, information on their characteristics comes from boreholes and out-
crops. To address uncertainty in DFNs, stochastic approaches have been developed.
The fracture shape is generally modeled by ellipses or polygons of varying aspect ra-
tios [7], [22], [28]. Variable permeability can be modeled by a random distribution.
We present in this paper a stochastic discrete approach working for a wide variety of
fracture networks and adapted for both field and phenomenological studies.

1.2. Previous work. DFNs have a rather complex 3D geometry, since they are
not 3D volumes but a set of 2D domains, with various orientations and intersecting
each other. In flow computations, the rock matrix can be considered as impervious and
flow is only simulated in the fractures. Simulation methods based on finite element
methods face two problems. First, the number of cells in the mesh grows rapidly
with the system size like in 3D models. Second, the 2D domains corresponding to
the fractures display connection configurations difficult to mesh like small angles and
points close to each other. There are two scales to consider in DFN: the 3D scale
of the network and the 2D scale of each fracture. Two types of simulation methods
were developed using either the two-scale structure in 2D fractures and 3D network
fractures or a mesh generation of the full system at the network scale.

The first developed method consists of obtaining analytical relations between
flows and heads within disk-shaped fractures through image theories, and of combin-
ing these analytical relations in a system of equations, giving the heads at the network
scale [22]. Simpler approaches rely also on the two-scale fracture network structure.
The mesh structure at the fracture scale is simplified by a network of monodimensional
pipes between the fracture intersections and the fracture center, and the mesh struc-
ture at the network scale becomes a network of monodimensional pipes [7], [28]. This
method solves the mesh generation and system size problems and respects the topo-
logical structure of the network. Its drawbacks are potential unrealistic flow patterns
in the fracture, the difficult choice of the pipe transmissivities, and the impossibility
to evaluate the uncertainties. Definition of pipe locations and transmissivities within
the fractures has been more precisely quantified with use of flow solutions with the
boundary element method within the fracture plan [13]. In this method, like in the
method of [22], flow solving at the fracture scale provides relations between flows and
heads that are used in a second step at the network scale. The boundary element
method is, however, limited to homogeneous fractures and has only been applied to
small fracture networks so far.

The second kind of simulation method consists of generating a mesh at the net-
work scale and in using a finite element method for solving the flow equation. This
strategy is implemented in several types of software like Rockflow and Fracman. It
provides ways to introduce transmissivity heterogeneities within the fractures and to
quantify uncertainties by reducing the characteristic mesh scale. Several solutions
have been proposed for solving the problem of the connection configurations difficult
to mesh or detrimental to numerical schemes. These configurations have been solved
manually in each network through local modifications of the mesh [21], or removed
from the network by small modifications of the fracture network structure [25].
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1.3. Our contribution. The latter approach can be integrated in a stochastic
framework where several samples of DFNs are automatically generated and follow
prescribed probability distributions. To our knowledge, most existing models do not
allow broad fracture length distributions and broad fracture shape distributions oc-
curring in natural fracture networks. In this article, we present a new flow simulation
method based on an original mesh generator for general DFN structures.

Network generation is the first step of a global stochastic methodology. An orig-
inal feature is the possibility to apply power-law fracture length distributions with a
large range of possible exponents, correctly modeling both the natural broad range
of scales and the variety of natural fractured sites and leading to a large number of
fractures. It is also possible to define an heterogeneous permeability field, in order to
take into account the spatial variability of fracture apertures.

In this paper, we focus on simple steady state flow. We assume that the rock
matrix is impervious; classical equations are written in each fracture. In contrast to
[26], we write also interface conditions for all intersections, in order to get a consistent
system of equations. To solve these equations, a mixed finite element method can be
used, where the difficulty is to express fluxes at the intersections. We use a hybrid
method, different from [25], [29], but following [19], [20], where we replace fluxes by
pressures at the edges. This approach is a very convenient and easy way to express
mass continuity at the interfaces.

However, this method relies on mesh generation, providing conforming mesh struc-
tures. In general, a direct application of mesh generation does not succeed, because
each fracture contains many intersections in all directions. In most cases, the quality
of the mesh is poor, with small angles in the triangles [2], [26]. The objective of our
mesh generation is to remove difficult connection configurations in the fractures. The
idea is to apply a two-level discretization of the fracture intersections and boundaries.
Intersections and boundaries are first referenced on a 3D regular grid of voxels (small
cubes) common to all fractures. Then voxels to which elements of a fracture belong
are projected back on the fracture plane. This discretization-projection of intersec-
tions and boundaries removes small angles and small segments so that fractures can
be meshed with a high quality [2], [26]. However, for many generated networks, some
boundary points are connected to more than two edges. In order to run stochastic
simulations, a post-projection step is mandatory in order to remove these points.

When a mesh can be generated for many DFNs, it is possible to run many nu-
merical experiments. In contrast to [26], we generate tests in a systematic way, using
a wide range of parameters, several samples of Monte-Carlo simulations, and a wide
range of mesh steps. These numerous tests are used to validate the method, to analyze
convergence, and to study space and time complexity.

The paper is organized as follows. Section 2 describes the physical and numerical
model. Then we develop our method to generate the mesh in section 3, describing
our two-level process and our post-projection adjustments. Section 4 is devoted to
software description and section 5 gives some experimental results.

2. Model. Our model can be decomposed in three parts, related to three sci-
entific fields: geology, hydraulics, and numerical analysis. We present these three
components below.

2.1. Geological characteristics. The model presented in this study is made
up of ellipses identified by their length, shape, orientation, and position. The length
is equal to their major axis and the shape noted e is defined by the ratio between their
major axis and minor axis. The stochastic model addresses the issue of uncertainty in
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Table 2.1

Random distributions for 3D discrete fracture networks. A random fracture is defined by four
random variables: length, shape, position, and orientation.

Characteristic Random distribution
length power law
shape uniform or constant
position uniform
orientation uniform

the data by generating fracture networks where the characteristics follow given prob-
ability distributions. The broad natural fracture length distribution can be correctly
modeled by a power-law distribution such as

(2.1) p(l)dl =
1

a − 1
l−a

l−a+1
min

dl,

where p(l)dl is the probability of observing a fracture with a length in the interval
[l, l+dl], lmin is the smallest fracture length, and a is a characteristic exponent [4], [10].
Values of the power-law length exponent a extrapolated from outcrop observations
range between 2.5 and 5, traducing a wide variety of network structures. For a below
3, the network structure is dominated by the few largest fractures, whereas for a larger
than 4, it is dominated by the smallest fractures. This original feature of our model
leads to configurations with a large number of fractures spanning a large range of
lengths. Without loss of generality, the fracture orientation and position distributions
are taken as uniform, and ellipse shapes are either uniformly distributed or constant.
The stochastic model is summarized in Table 2.1.

For simulation purposes, we introduce a cubic computational domain of charac-
teristic size L in which the fracture networks are studied. The largest fracture length
is of the order of L and the smallest fractures are of length close to lmin. The im-
portant parameter in the simulations is the scale range [lmin, L] characterized by the
scale ratio L/lmin.

The global computational domain of the model is the network Ω, an open set
composed of all the fractures and all the intersections between fractures. The bound-
ary of Ω is composed of the borders of the cube and the edges of the ellipses. Let
NF be the number of fractures. Each fracture is an open set Ωf , f = 1, . . .NF , an
ellipse which is truncated if necessary by the faces of the cube. The boundary of a
fracture is composed of the ellipse edge, the intersections with the cube faces, and the
intersections with other fractures. Let NI be the number of intersections between
fractures. Each intersection is a segment Sk, k = 1, . . .NI, and we denote by Fk the
set of fractures with Sk on the boundary. Thus, we can write

Ω =
NF⋃
f=1

Ωf ∪
NI⋃
k=1

Sk.

Fracture density is described by reference to the percolation threshold character-
ized by the critical number of fractures NFc for which connection between the cube
borders is reached. For power-law distributed fracture length, the critical density
depends on the system size L [5], [6]. As this study focuses on connected fracture
networks for flow simulations, we define the density as the ratio d = NF/NFc. For
example, d = 2 means that the system contains twice as many fractures than at
threshold. Parameters of the model are summed up in Table 2.2.
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Table 2.2

Parameters for 3D discrete fracture networks: exponent of power-law distribution, density of
fractures, and scale ratio.

Parameter Meaning Range
a power law [2.5, 5]
d density d ≥ 1
L/lmin scale ratio L/lmin ≥ 1

(a) a=2.5 d=2 (b) a=3.5 d=2

(c) a=2.5 d=3 (d) a=4.5 d=3

Fig. 2.1. Examples of of networks with various parameters: power-law exponent, density.

Fracture characteristics have a critical influence on the fracture network topology.
For example, the number of intersections NI increases with the fracture density d and
decreases with the power-law exponent a. For ensuring a large applicability of our
method, we cover in experiments a wide range of parameters, leading to 18 types of
networks. Figure 2.1 displays four examples of networks used in this study.

2.2. Flow equations. Classical laws governing the flux in a porous medium
are mass conservation and Darcy law. The main physical data is the permeability
of the geological domain. In our model, the rock matrix surrounding the fractures is
considered as impervious. Permeability of fractures can be highly variable. Indeed,
they are closely related to apertures which vary spatially and can vary in time. In
our current model, we consider a deterministic heterogeneous permeability field. In
the future, we plan to consider also a random permeability field.
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Since the rock matrix is impervious, we assume that mass conservation and Darcy
laws are satisfied in each fracture, and we have to define conditions at the intersections.
We first assume that there is no longitudinal flux in the intersections. If longitudinal
flux is allowed, different interface conditions must be defined [24]. Then, we assume
the continuity of the hydraulic head and the transversal flux at each intersection.
These assumptions are quite classical and close the system of equations [29].

In order to write the laws in each fracture, we must define a projection from the
3D cube onto the fracture plane. Let (x, y, z) be the coordinates in the 3D cube and
(xf , yf) the projected coordinates in the fracture Ωf . The governing laws in each
fracture are written

(2.2)
{

v = −K∇h in Ωf ,
∇.v = s in Ωf ,

where the Darcy velocity v and the hydraulic head h are unknown, K is a given 2D
permeability field, and s is a given source term. These equations are written in the
fracture plane, using the 2D coordinates (xf , yf ).

We assume that boundary conditions on the cube faces are either Dirichlet or
Neumann. Let ΓD be the part of the cube boundary with Dirichlet condition (ΓD �= ∅)
and ΓN be the part with Neumann condition. We also assume a Neumann zero flux
condition on each ellipse edge Γf of fractures Ωf .

Boundary conditions are written

(2.3)

⎧⎨
⎩

h = hD on ΓD,
v.n = qN on ΓN ,
v.n = 0 on Γf ,

where hD and qN are prescribed values.
Continuity conditions in each intersection are written

(2.4)

⎧⎪⎨
⎪⎩

hk,f = hk, on Sk, ∀f ∈ Fk,∑
f∈Fk

vk,f .nk,f = 0 on Sk,

where hk,f is the trace of the head and nk,f is the normal unit vector on the boundary
Sk of the fracture Ωf .

We assume that the set of equations (2.2)–(2.4) is well-posed in adequate func-
tional spaces (it has a unique solution which depends continuously on the data).

2.3. Numerical method. Now, we have to define a spatial approximation in
order to solve the physical model. We apply a mixed finite element (MFE) method
for the following reasons. In general, finite element methods allow one to deal with
complex geometries and to use locally refined meshes. In a mixed finite element
method, the unknowns are hydraulic head and velocity; thus the velocity field is a
good approximation, and useful for subsequent transport problems. Also this method
guarantees both local and global mass conservation; therefore, MFE methods are very
well-suited for solving flow problems. We do not define here the functional spaces and
the variational weak mixed formulation, but refer to [25], [19], [20] for more details.

The first step is to define the mesh of the network. We require that the mesh is
2D in each fracture, in order to guarantee mass conservation in each fracture plane.
We also rule that the mesh is conforming in each intersection. This means that the
discretization of an intersection and of the boundaries is uniquely defined and that
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Fig. 2.2. Two intersecting fractures with a triangular mesh: border edges, interior edges, and
intersection edges.

the discrete intersection is projected in the fracture plane of all fractures containing
it. This constraint allows an easy definition of the discrete continuity conditions and
allows us to apply classical results for MFE methods.

At the network level, boundaries and intersections are uniquely discretized with
3D coordinates. Then they are projected onto each fracture plane with 2D local
coordinates, and each fracture can be meshed in 2D.

We assume that the 2D meshes are done with triangles. We use the hybrid
version of the MFE method (MHFE method) where unknowns are mean head hE in
each triangle and mean head ΦI on each edge [19]. For stationary flux equations,
the MHFE method leads to a symmetric positive definite matrix, whereas the MFE
method leads to a symmetric indefinite matrix. Also, in the context of our network of
fractures, it is easy to handle intersection conditions with the MHFE method. Indeed,
continuity of head-on intersection is trivial (only one unknown per edge); continuity
of flux on intersection is easily accomplished by eliminating the velocity variable. In
particular, it is possible and also sufficient to define locally in each element a discrete
velocity field, whereas global unknowns are hydraulic heads hE and ΦI .

Let NT be the number of triangles and NE be the number of edges. For each
triangle E, the three edges are locally numbered i = 1, 2, 3 and globally numbered I.
For each edge I, the set of elements E containing I is denoted by TI . The number of
elements containing I varies: an edge on a boundary (cube or ellipse) belongs to only
one triangle; an edge inside a fracture belongs to two triangles, and an edge on an
intersection belongs generally to two fractures and four triangles. The different cases
are illustrated by Figure 2.2, showing two fractures with their intersection.

We use the classical Raviart–Thomas basis functions wE,j , defined in each 2D
fracture and each triangle E, on each local edge j:

vE =
3∑

j=1

vE,jwE,j .

Now, Dirichlet boundary conditions are given by ΦI = hD, I ∈ ΓD and Neumann
boundary conditions on the cube edge are given by vE,i = qN , I ∈ ΓN , whereas
Neumann boundary conditions on an ellipse edge are given by vE,i = 0, I ∈ Γf , where
E is the element containing I, with a local number i.

In order to eliminate the velocity and to derive a hybrid formulation, we write
locally Darcy’s law and express the velocity with hydraulic heads. Darcy’s law v =
−K∇h is integrated ∇.v = s in each element E, using each basis function as a test
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function in the variational formulation; thus we get∫
E

K−1v.wE,i = −
∫

E

∇h.wE,i.

The first term can be rewritten∫
E

K−1v.wE,i =
∑

j

B
(E)
i,j vE,j with B

(E)
i,j =

∫
E

K−1wE,j .wE,i.

Using the Green formula and the properties of the basis functions, the second term is
rewritten:

−
∫

E

∇h.wE,i =
∫

E

h∇.wE,i −
∫

∂E

hwE,i.n∂E = hE − ΦI .

Finally, we get the local Darcy’s law in each element:

(2.5) vE = C(E)(hEu − ΦE),

where vE is now the vector of the three components vE,j , where C(E) = B(E)−1, ΦE

is the vector composed of the hydraulic heads at the three edges, and u = (1, 1, 1)T .
The matrices B(E) and C(E) are symmetric positive definite.

The discrete mass conservation equation is also obtained by integrating in each
element: ∫

E

∇.v =
∫

E

s, thus
∑

i

vE,i = sE .

Now, using the local Darcy’s law (2.5), we get the global discrete mass conservation
equation

(2.6) Dh − RΦ = s,

where h is the vector of the unknowns hE and Φ is the vector of the unknowns ΦI ; the
right-hand side s contains the source terms and the Dirichlet boundary conditions;
the matrix D is diagonal and defined by DE =

∑
i,j C

(E)
i,j ; the matrix R is given by

RE,I = 0 if I /∈ E,

RE,I =
∑

j

C
(E)
i,j if I ∈ E.

The discrete mass conservation is also written through each edge; the flux condi-
tion gives ∑

E∈TI

vE,i = 0, I ∈ Ωf ; vE,i = 0, I ∈ Γf ; vE,i = qN , I ∈ ΓN .

We deal now with intersection conditions (2.4). Since continuity of head is trivial
here (the unknown ΦI is unique on each conforming edge), only flux intersection
conditions need to be written. Indeed, thanks to the conforming mesh, the mass
conservation condition through an edge of a fracture is easily generalized through any
edge of an intersection, and continuity of flux is written∑

E∈TI

vE,i = 0, I ∈ Sk.
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Using flux condition on any edge of a fracture or an intersection and using local
Darcy’s law (2.5), we get the global discrete Darcy’s law:

(2.7) −RT h + MΦ = q

with ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

MI,J = 0 if no element contains I and J,

MI,J = C
(E)
i,j , I �= J, I ∈ E, J ∈ E,

MI,I =
∑

E∈TI

C
(E)
i,i ,

qI = qN if I ∈ ΓN ,
qI = 0 otherwise.

By eliminating h, using the diagonal matrix D in (2.6), we get the linear system

(2.8) AΦ = b,

where the Schur complement matrix A and the right-hand side b are given by
{

A = M − RT D−1R,
b = q + RT D−1s.

The head is then computed by h = D−1(RΦ + s) and the velocity by (2.5).
The matrix A and right-hand side b are detailed below:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

AI,J = MI,J − RI,ED−1
E RJ,E , I �= J, I ∈ ∂E, J ∈ ∂E

AI,I = MI,I −
∑

E∈TI

RI,EDE
−1RI,E ,

bI = qI +
∑

E∈TI
RI,EDE

−1sE .

The linear system can be assembled from local matrices and vectors computed in
each fracture. Let⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A
(f)
I,J = AI,J , I, J ∈ Ωf ,

A
(f)
I,I =

∑
E∈TI∩Ωf

(C(E)
i,i − RI,EDE

−1RI,E), I ∈ Ωf ,

b
(f)
I = qI +

∑
E∈TI∩Ωf

RI,EDE
−1sE ,

then A =
∑

f A(f) and b =
∑

f b(f). Therefore, it is possible to compute matrices
locally in each fracture and to combine them in a global structure.

The matrix A is symmetric positive definite and is sparse. Sparse solvers, either
direct or iterative, can be used to compute the solution. The size of the linear system
is the number of edges in the network mesh and is roughly 1.5 times the number of
triangles (about three edges for two triangles in 2D domains).

3. Mesh generation. In order to generate the mesh of the 3D DFN described
above, we design and implement a new and original algorithm. To our knowledge,
there is no existing software nor existing algorithm that would generate the mesh,
which is neither 3D nor 2D nor a surface but a set of 2D meshes with a unique defini-
tion of their intersections. Because there is no specific direction of the flux, we aim at
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generating a mesh with a good aspect ratio, where all triangles are close to equilateral.
Also, because we want to limit computational costs, we aim at reducing the number
of elements in the mesh. Our algorithm is based on a two-level discretization. At the
network level, each boundary and each intersection are discretized. Then the discrete
boundaries and intersections of each fracture Ωf are used to mesh the 2D domain.
Therefore, we have to define a discrete projection from the 3D network onto each 2D
fracture plane.

A natural approach would be to define each segment by a succession of discrete
points and to project these points. However, this approach has several drawbacks. In
some cases, it is not possible to generate a mesh; if the mesh can be generated, it has
a tiny mesh size and many triangles, so that the linear system is huge; finally, it has
very small angles, so that the aspect ratio is bad. For all these reasons, we define a
new original approach to generate the mesh of DFNs. This approach is used in [2]
and is described in [26].

The main idea is to define a 3D discretization of the boundaries and intersections.
We introduce a 3D grid, with a given grid size Δx and with voxels as elementary units.
The grid size is given relatively to lmin, i.e., Δx = absolute grid size

lmin
. At the network

level, boundaries and intersections are discretized by a set of voxels, instead of a set
of points. Thus, at the network level, boundaries and intersections are now defined
by 3D objects, which are projected onto fracture planes as before. The projected
intersections and boundaries are now staircase lines with segments of length about
Δx, so that small angles and small length size have disappeared. In each fracture,
we can use any software to generate a 2D mesh, with Δx as initial mesh size. The
resulting mesh has a good aspect ratio and a limited number of elements.

In contrast to [29], we keep a geometrical correspondence between the intersec-
tions. Let us consider an intersection between two fractures. The projections in each
fracture are different, but the edges have the same 3D antecedent. Each edge in the
intersection is thus uniquely defined, and can be identified in each fracture. Continu-
ity conditions at the intersections can still be defined for each edge: same pressure for
the corresponding edge in each fracture and continuity of flux through the edge. The
mixed hybrid method remains somehow conforming, and we still get local and global
mass conservation.

The projected fractures are no longer convex because of the discretization in
voxels. An example of DFN is meshed using our new method, and the result can
be seen in Figure 3.1. In this example, the 2D projected fracture (Figure 3.1(a)) is
connected and the boundary is well identified, with intersections inside the boundary.
Each boundary or intersection edge is connected to one or two other edges, and each
boundary point is connected to one or two edges. The mesh can be generated and is
of good quality (Figure 3.1(b)).

But in some cases, this property is no longer true, as can be seen in Figure 3.2.
Indeed, it may happen that two points of the 3D boundary are discretized by the same
voxel. In this case, the projected fracture may have several connected components or
the boundary of the open set is no longer the set of boundary edges. Thus some points
are connected to three edges and some edges are connected to three other edges. Some
abnormal configurations are illustrated in Figure 3.2(a).

It is necessary to ensure some topological properties, each boundary or intersec-
tion edge must have only one or two neighbors and each boundary or intersection node
must have only two adjacent edges. Otherwise, mesh generation can fail or elementary
matrices can be singular, leading to a global singular matrix. Since these abnormal
configurations may happen quite often in random 3D DFNs, it is mandatory to apply
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(a) (b)

Fig. 3.1. Projecting and meshing: example of a fracture; intersections are in light grey; the
mesh has a good aspect ratio.

(a) (b)

(c)

Fig. 3.2. Local corrections before meshing: example of a fracture. (a) points connected to 3 or
4 edges; (b) local corrections; (c) after correction, each point is connected to 2 edges.

a geometrical correction. In [26], this difficulty is not described, so networks used in
the tests are specific and Monte-Carlo simulations are not feasible.

In order to respect these topological properties, we apply local corrections, which
modify slightly the surface of the fracture. These local corrections aim at defining
correct boundary and intersections. After the corrections, each edge is connected to
one or two other edges and each node is connected to one or two edges. Examples
of corrections are illustrated in Figure 3.2(b). After correction, the modified fracture
has one connected component and the boundary is well defined, as illustrated in
Figure 3.2(c). Thus we can guarantee that mesh generation will not fail, that aspect
ratio is good, and that each elementary matrix is not singular, so that the global
matrix is not singular.

4. Software. We have developed a complete software, written in C++, to gener-
ate random networks of fractures and to simulate flow in these networks. The software
MP FRAC is integrated in the scientific platform H2OLAB [15]1, which provides a
user interface, a database for result compilation and analysis and visualization tools.
The software MP FRAC follows a modular and object-oriented approach, which pro-
vides a great flexibility by allowing an easy change of the algorithms and enhances

1http://h2olab.inria.fr/
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Fig. 4.1. Computational modules and data structures for flow computations in discrete fracture
networks.

the maintenance. The code is organized in three modules, as depicted in Figure 4.1:
network generation, mesh and problem generation, and flow computation.

The first module includes the random generation of the network, the definition
of the geometry, the discretization of the intersections and boundaries, the global
numbering of edges and points, and the projection of intersections and boundaries
onto the fracture planes. This module builds the data structure “Network,” which
contains the geometrical data organized in a hierarchical way: geometrical information
is stored at the various levels defining the network and fractures, the intersections and
boundaries, the edges, and the points.

The second module makes use of the Network data structure to generate the
mesh in each fracture, to number globally the edges, and to define the physical data.
It builds the data structure “Mesh,” which is also organized hierarchically with the
same levels as Network with, in addition, the level defining the triangles. This module
builds also the data structure “Pb-data,” which contains the boundary conditions, the
permeability field, the source term, the various physical data such as the gravitational
constant, the density, etc.

Finally, the third module does the computation, by first computing the local
matrices in each fracture and computing the global matrix and global right-hand
side; then, it solves the sparse linear system, and computes the hydraulic head in each
triangle and the velocity on each edge. This module uses previous data structures
and builds the data structure “System,” which contains the local matrices and right-
hand sides, the global matrix and right-hand sides, the solution (hydraulic head on
each edge), the hydraulic head in each triangle, and the velocity on each edge of each
triangle. Then we check the result by a mass conservation verification.

The mesh generation is done by using a procedure extracted from the software
FreeFem++ [18] and interfaced with a mixed finite element method. The local ma-
trices and the velocity are computed by using adapted and rewritten procedures of
the software Traces [19]. The sparse linear solver is a submodule which can be easily
interfaced with free libraries. Currently, we have interfaced the direct solvers Umfpack
[9] and Pspases [17], and the libraries Hypre [16] and Petsc [1].

5. Experimental results. In order to illustrate the efficiency and robustness
of our method, we generate a large number of test cases. We check the convergence
order of the method by reducing the mesh size. Finally, we do a complexity analysis.
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Table 5.1

Test generation: 180 networks, 1620 systems.

Parameter Value
d 2, 3
L/lmin from 1 to 3
e uniform
a 2.5, 3.5, 4.5
Nech 10
Δx from 0.01 to 0.09

5.1. Test generation. General networks have various parameters. We test our
method on a set of parameters which covers a large set of DFNs, leading to a set of 18
network types. In all the tests, the permeability is chosen homogeneous and is equal
to 1 everywhere. Since we use a Monte-Carlo method, for each set of parameters, we
generate Nech random samples, where Nech = 10 is sufficient to validate the method.
For each of the 180 networks, we vary the mesh step with 9 values, so that we get
1620 systems of meshed networks. Values are given in Table 5.1. We use the sparse
direct solver Umfpack to compute the flow.

Since the solution for nonconnected networks is trivial (v = 0), we do not consider
them. We test the connection after discretization. In fact, discretization may discon-
nect networks when intersections critical to connectivity (bottlenecks) are smaller
than the discretization scale. Among the networks, we reject 254 nonconnected net-
works. Our method succeeds in generating the mesh and solving the linear system for
all connected networks.

For most of the discretized networks, the post-projection corrections are essential.
Indeed, if we remove the corrections, the method fails to generate a mesh or to solve
the linear system. For the tests considered, the method without correction succeeds
in only 222 cases. We have checked that the same problems occur when all fractures
are disks, by taking a constant distribution of shapes. Again, the method without
corrections succeeds in less than 300 cases, whereas our method succeeds in all cases.
Therefore, it is not possible to run Monte-Carlo simulations without local corrections.

5.2. Validation, convergence, and order. For some particular cases, like a
few orthogonal fractures, we check that the computed solution is as predicted by
theory or analytical solution. For all cases, once we have solved flow equations, we
check systematically that the computed fluxes satisfy global mass balance and local
mass balance through each edge of the mesh. These verifications are a first step in
validating the method.

Then, we analyze the convergence of the numerical solution when we reduce the
mesh step. With a classical 2D or 3D domain, MHFE methods are of order 1; a priori
error estimation can be derived in L2 norm for the velocity [14]; when the domain
is bounded, error estimation can also be written in L1 norm. Here, we assume that
the method applied to DFN with interface conditions is still of order 1 and that
an error estimation can be written for the velocity at the intersections. Because
we modify the geometry by projecting voxels and by local adjustments, there is no
guarantee of convergence. Thus we check experimentally the behavior of numerical
solutions. For each generated DFN, we realize a series of computations, each one
with a different mesh step, ranging from 0.01 to 0.09. Since we do not know the exact
solution, we use the simulation with the smallest mesh step as a reference to check
the convergence. We use a physical criteria to check convergence, defined as the flow
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Fig. 5.1. Convergence analysis: relative error on flux at intersections for a given mesh step;
reference value is taken from the finest mesh. Mean values computed from all other meshed networks.

crossing the intersections normalized by the cumulated intersections length. Let us
define L =

∑NI
k=1 lk, where lk is the length of intersection Sk. Let us define, for a

velocity v,

Φ(v) =
NI∑
k=1

∫
Sk

|v|dl.

We compute the scalar c defined by

c =
|Φ(vΔx) − Φ(vref )|

L
,

where vref is the velocity for the reference mesh. This criteria can be computed easily
since

Φ(vΔx) =
NΔx∑
I=1

|vE,i|lI ,

where lI is the length of edge I and NΔx is the total number of edges at intersections.
Using all the 1366 simulations, we calculate the mean of c for each mesh step.

Figure 5.1 shows these means, where one point corresponds to about 150 networks
with various parameters. We observe that c has a linear convergence, as can be
expected if the method is of order 1.

5.3. Sparsity and size complexity. The objective here is to analyze how the
size of the linear system scales with the various parameters. In a first step, we measure
the sparsity of the matrix. The number of nonzero elements on a line is the number
of neighbors of the associated edge plus one for the diagonal element. In the 2D case,
with a triangular mesh, each interior edge has four neighbors and border intersections
have only two neighbors, leading to a number of nonzeros NNZ roughly equal to 5N ,
where N is the size of the matrix. In 3D DFNs, each fracture is 2D, but a special case
occurs for intersections between fractures, since the edges on an intersection between
two fractures have eight neighbors. Thus NNZ could be larger than 5N for some
networks. In Figure 5.2(a), we plot NNZ versus N for all the systems. Clearly, we
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(a) Sparsity complexity: number of nonzeros versus sys-
tem size for all 1366 systems.

(b) Size complexity: average system size versus mesh
step for all 1366 systems.

Fig. 5.2. Linear system complexity in size.

observe a factor NNZ = 4.99N , showing that the contribution of the intersections is
smaller than the contribution of borders. Thus we get a sparsity complexity similar
to the 2D case, although we deal with 3D DFNs.

In a second step, we analyze how the matrix size N scales with the mesh step
Δx. In a classical 2D mesh, N behaves like Δx−2, whereas N behaves like Δx−3 in
3D regular grids. For each mesh step Δx, ranging from 0.01 to 0.09, we compute the
average size Nav of all generated networks. In Figure 5.2(b), we plot Nav versus Δx
and find a power relation with an exponent −2, showing that N behaves like Δx−2,
still like the 2D case.

Therefore, the size and sparsity of the discrete system arising from flow compu-
tations in 3D discrete fracture networks have a behavior similar to a system arising
from a 2D domain.

5.4. Time complexity. Now we analyze the complexity of the computation, by
measuring the CPU time and taking the system size N as the main parameter of the
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(a) System preparation and linear solving

(b) System preparation detail

Fig. 5.3. Time complexity: CPU time versus system size for all generated networks.

system. We measure the CPU time during two phases: the first phase concerns all
the preparation before solving the linear system with a sparse direct solver, which is
the second phase. We recall that we use a multifrontal solver, implemented in the
library Umfpack. In Figure 5.3(a), we draw the CPU time versus the size for these
two phases. Since we use a direct solver, the time for solving the system is not linear,
but follows roughly a power law. We observe different tendencies, all of them with an
exponent larger than 1.5, which is the exponent for flow computations in 2D regular
grids [3]. Although the preparation phase includes more computations than a classical
2D MFE method, we can verify that the CPU time during this phase is linear in N
and much smaller than the CPU time during the second phase. The details of the
preparation phase are drawn on Figure 5.3(b), where we have split the time into three
steps. The first step deals with 3D discretization, projection, and adjustments; the
second step generates the mesh; the third step computes the matrix and right-hand-
side. The first step, which is specific to our method, is the cheapest one, whereas
computing the matrix is the most expensive.
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6. Conclusion. In this paper, we consider 3D DFNs as a stochastic approach
for modeling flow in natural fractured rocks. Flow simulations aim at characterizing
flow patterns in such networks. This is achieved by applying an MHFE method on a
flow model where continuity of mass and flux are imposed at the intersections between
the fractures. The main difficulty is to generate a mesh, which must be 2D in each
fracture and must be conforming at the intersections in order to apply the numerical
method. We present a two-fold method, where the network is first discretized by voxels
and the projected fractures are discretized by a classical mesh generator. We show
that this method yields a mesh with a good aspect ratio, but requires adjustments
in order to remove abnormal configurations after projection. Thanks to our method,
it is possible to generate a mesh for a wide range of random DFN; we can vary the
power-law exponent, the number of fractures, their orientation, and their shape. For
all the networks tested, the mesh is of good quality, in the sense of a good aspect ratio,
and a fairly large mesh size can be used. Therefore, it is possible to use uncertainty
quantification methods such as Monte-Carlo simulations to study flow in fracture
networks.

Although we deal with 3D structures, we show that the size complexity is similar
to 2D computational domains. For any network, the size N of the linear system is
the main parameter relevant to analyze CPU time; we find out that the CPU time of
the preparation phase is linear with N and that most of the time is spent in solving
the sparse linear system, with a complexity larger than O(N1.5). We plan now to
further analyze this behavior in order to reduce CPU time and to tackle even larger
systems. We will run simulations with iterative solvers and will develop a parallel
version. Another track of research is to relax the conforming constraint by applying
a mortar methodology.
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[29] M. Vohraĺık, J. Maryska, and O. Severýn, Mixed and nonconforming finite element meth-
ods on a system of polygons, Appl. Numer. Math., 57 (2007), pp. 176–193.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


