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Abstract

In [ER66], Elgot and Rabin devise a method for constructing unary predicates P such that the
MSO theory of (N, +1, P) is decidable (here +1 denotes the successor relation). Further results in
this direction have been established in ([Sie70],[Sem84],[Mae99],[CT02],[FS03]).

This kind of problem takes place in the more general perspective of studying “weak” arithmetical
theories, which possess interesting decidability properties ([Bés01]).

We present here a method allowing to define infinite sequences of monadic predicates P, ..., P,
such that the MSO theory of (N, +1, (P;):en) is decidable.

In particular, we build such predicate P; that can have very slow ”growth”; i.e., the function as-
sociating to k the k-th element of P; can be comparable to [nlogn] , |[nlog(logn))| or even |nlog™(n)].

As in [FS03], the method consists of consider integer sequences computed by k-automata. The
new feature of the automata here considered is that transitions are ”controlled” by some predicates.

1 Preliminaries

1.1 Extended Iterated Pushdown Automata

1.1.1 Iterated pushdown stores
Originally defined by [Gre70], Iterated-pushdown stores are storage structures built iteratively. Here,
we shall use the definition of [DG86] and stick to their notation.
Definition 1 (k-iterated pushdown store). Let I be a set. We define inductively the set k-pds(T")
of k-iterated pushdown-stores over I':
0-pds(T") = {e}, (k + 1)-pds(T") = (T'[k-pds(I")])*, it-pds(T") = U k-pds(T).
k>0
From the definition, every non empty w in (k 4+ 1)-pds(T"), £ > 1, has a unique decomposition as
w = afwi]w’

with w1 € k-pds(T), w’ € (k+ 1)-pds(T’) U{e} and a € T. In the rest of the paper, we will often
replace by a every occurence of a[e] appearing in the description of a k-pds.

Example 2. Let I' = {a1,b1,a2,b2,as,b3} be a storage alphabet, we consider the following 3-pds:
Wez = b3[b2[b1[g]ai[g]]az[ar[e]]]as[e]as]az]a1[e]b1[e]]] € 3-pds(T).
Wez Will be writen

Wex = bB[bQ[blal]GQ [(Il”a?,ag [ag[a1b1]},

and its decomposition corresponds to a = bz, w1 = ba[brai]asla1] and W’ = asaslaz[a1b1]].
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We now formalize operations allowed on the store.

Definition 3 (The reading operation). The map top : it-pds(I') — I'* is defined by
top(e) =€, top(ajwi]w) = a - top(w1).
Definition 4 (The pop operation at level j). The map pop; : it-pds(I") — it-pds(I") is defined
by:
pop, (¢) is undefined, pop, (alwi]w) = w, pop;,(alwi]w) = alpop;(w1)]w.
Definition 5 (The push operation at level j). For o =bc € I'*, push, , : it-pds(I") — it-pds(T").
push, ,(¢) = a, push,,, ,(€) is undefined for j > 1
push, , (alur ) = blorlelr o, push, o (alir)w) = alpush, , (w1

Example 6. Given wey, the 3-pds defined in example 2:
top(wez) = asasai,
pop; (wex) = azas[az]aibi]],
Pop, (wez) = bsaz[ai]]asas[az[a1b1]], pops(wez) = bs[b2]ar]az(a:]]azas[az[a1b1]],
pushy ... (Wez) = as[ba[brar]az[ai]]asas[az[a1b1]]as[b2[b1a1]az(a1]]azaslaz[a1bi]],
pushy ., (Wex) = aslaz[brai]ea[brar]as[ar]Jasas|az[a1b:]],
pushy , p, (Wex) = bs[b2[a1b1a1]az[ar]]as[az[arbi]].

A last operation will be used to describe iterated-pushdowns:
Definition 7 (Projection). The map pk,; : k-pds(I’) — i-pds(T), with 1 < i < k is defined by

Pr,i(€) =€ prk(w) =w and pgi(ajwr]w) = pr—1,:(w1) if i < k.

The double subscript notation will be used to handle inverse functions, the rest of the time, we

will note p; instead of p ;.

Example 8. Let wey be the 3-pds given in example 2:
P2 (Wee) = ba[brai]az(a1], p1(wes) = bras.

1.1.2 Iterated pushdown automata and extensions

We extend the definition of Iterated pushdown automata used in [DG86] by allowing membership
tests on the store. For k& > 0, the set of level k instructions over I' is Zp(I') = {pop,}ic,k U
{pushi,ab}aper,icii,k)-
Definition 9 (Iterated pushdown automata). Let k > 0, a k-pda over a terminal alphabet X is
a structure A = (Q,%,I',C, 0, qo, Z) where Q is a finite set of states, I' is a pushdown alphabet with
Z € T as initial symbol, C = (C1,...,Cn) is a vector of controllers C; C k-pds(T'), qo € Q is the
initial state, and A C Q x ¥ x T®) — {£} x {0,1}™ x Tx(T') x Q is a finite set of transitions.
The family of all k-pdas controlled by C is k-PDA(I)C. The set of configurations of A is Cona =
Q X k-pds(T"). The single step relation —4C Cona X Cona of A is defined by
(p, aw,w) — 4 (g, w,w") iff (p, a, top(w), Xa(w),instr,q) € A, and W' = instr(w),

where x5(w) is the boolean vector (o1, ...,0m) fulfilling Jo; =1 iff w € Cs], Vi € [1,n]. We denote by
—3 A the reflezive and transitive closure of — 4. The language recognized by A is L(A) = {w € ¥* |
g€ F, (q,w,Z) —=a (g8}
Example 10. LetT' = {a, Z}, the following automaton A € 2-PDA(T") fulfills : L(A) = {a"8"y", n >
1}.

A= ({qo0,q1,q2},{c, 8,7}, T, 0, A, qo, Z) with:
A(qma,Z) = (PUShQ,a27q0)) A(Q0,0Q Za) = (puShQ,aa7q0)7 A(q0757 Za) = (puSh1,227q1):

A(q1757 Za) = (pop27q1)7 A(qlasa ZZ) = (p0p17q2);

Alq2,7, Za) = (popy, ¢2), A(ge, €, ZZ) = (popy, q2)-
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Here is the computation of the word o522 :

(q0,0°B°7*, Z[e]) — (qo,3°y?, Z[aZ]) — (q0,3°7*, Z[aaZ]) — (a1, %7, Z[aaZ] Z[aaZ]))
— (a1, 87, Z[aZ) Z[aaZ)) — (@1,7*, Z[Z])Z[aaZ]) — (q2,7*, Z[aaZ]) — (q2,7, Z]aZ]) —
(qz,E,Z[Z]) - (qz,E,E).
Example 11. Let I' = {a,b,Z}, and C = {d"a"Z € 1-pds(T") | n > 1}. The following automaton
A € 1-PDAC(T) fulfills : L(A) = {a""™, n > 1}.

A= ({qo,q1},{e, 8,7}, T, C, A, qo, Z) with:

A(qo, v, z,0) = (push,,,q0), = € {a, Z},

A(qg,ﬂ,m,O) = (puShbzaqO)’ T e {a7b}7

A(q0757 27 O) = A(q0757 Z7 1) = (poplvqo))

A(q0777b7 1) = A(qlvf%ba 1) = A(q0,67Z7 0) = A(q0757a7 1) = (p0p17ql)'

1.2 Logic
1.2.1 Monadic Second Order Logic

Let Sig be a signature and Var = {z,y,z,...,X,Y,Z...} be a set of variables, where z,y, ... denote
first order variables and X,Y,... second order variables. The set MSO(Sig) of MSO-formulas over
Sig is the smallest set such that:

e r € X and Y C X are MSO-formulas for every z,Y, X € Var

e r(z1,...x,) is an MSO-formula for every r € Sig, of arity p and every first order variables
T1,...2, € Var

e if &, U are MSO-formulas then =®, & V ¥, 3x.® and 3X.P are MSO-formulas.

Let S = (Ds,71,...,mn) be a structure over the signature Sig, a valuation of Var over Ds is a
function val : Var — Ds UP(Ds) such that for every z, X € Var, val(xz) € Ds and val(X) C Ds.
The satisfiability of an MSO-formula in the structure S with valuation val is then defined by induction
on the structure of the formula, in the usual way.

An MSO-formula ®(z, X) (where Z = (z1,...,2,) and X = (X1,..., X;) denote free first and second
order variables of ®) over Sig is said to be satisfiable in S if there exists a valuation val such that
S,val = ®(z, X).

We will often abbreviate S, [T +— @, X — A] | ®(z, X) by S |= ®(a, A).

Definition 12. A structure S admits a decidable MSO-theory if for every MSO-sentence ® (i.e.
MSO-formula without free variables) one can effectively decide whether S = ®.

A subset D of Ds is said to be MSO-definable in S iff there exists ¢(X) in MSO(Sig) such
that:

S = ®(D) and VS C Ds, if S = ®(S) then S = Ds.

Sig={r1,...,mn} (resp. Sig’ = {rl,..., 7, }) be some relational signature and S (resp. S’) be some
structure over the signature Sig (resp. Sig’).

Definition 13 (Interpretations). An MSO-interpretation of the structure S into the structure S’
is an injective map f : Ds — Dgs such that,

1. f(Ds) is MSO-definable in S’
2. Vi € [1,n], there exists ®;(z) € MSO(Sig'), (where T = z1,...,x,,;) fulfilling that, for every

valuation val of Var in Ds

(S,val) = r:(%) < (S, f oval) = ®}(Z).

Theorem 14 ([Han77]). Suppose there ezxists a computable MSO-interpretation of the structure
S into the structure S’. If S’ has a decidable MSO-theory, then S has a decidable MSO-theory too.
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1.3 Logic over iterated-pushdowns
Computations of an automaton in k-PDA(T") are naturally expressed in the following structure
PDS.(T).
Definition 15. Let I' be a finite alphabet and k a natural number. We define the structure PDSk(F)é
by:

PDSk(F) = <k—pdS(F), (TOPu)ueﬂk)v (POPi)iE[l,k]a (PUSHi,ab)ie[l,k],a,beF>~

Relations POP;, PUSH; ., and TOP,, are graphs of the corresponding instructions on pushdowns.

Computations of an automaton in PDSy (F)é are expressed in an extended structure:
Deﬁniticin 16. Let T be a finite alphabet, k > 1 and C= (C1,...,Ch), C; € k-pds(I"), the structure
PDS,(T) is obtained from PDSk(T) by adding monadic relations C1, .. .,C.

Theorem 17. [Fra05b], [Fra05a](Thm 6.2.2) If R is a vector of subsets of I'*, and the MSO-theory
of (T'*, (SUCC4)acr, R) is decidable, the MSO-theory of PDSk(F)pkvlil(ﬁ“) is decidable.

Corollary 18. If R is a vector of subsets of T, and the MSO-theory of (I'*,(SUCC4)acr, R) is
decidable, the computation graph of an automaton in k-PDA(F)P’C’fl(é) has a decidable MSO-theory.

1.4 Sequences

A sequence of natural numbers is any map u : N — N. Such a sequence u can be also viewed as a
formal power series

w(X) = i Un X"
n=0

The following operators on series are classical:
E: the shift operator

X) —
(Eu)(n) = un -+ 1) (Eu(x) = "X =0
A: the difference operator

u(X)(1—X) —u(0)
X

(Bu)(n) = uln +1) — un); (Au)(X) =
Y: the summation operator
(Zu)(n) = > uly): () (x) = )

Jj=0

+: the sum operator
(u+v)(n) = u(n) +v(n); (u+v)(X) = u(X) + v(X)
-: the external product, for every r € Q
(r-u)(n) =r-u(n)
©: the Hadamard product, (also called the “ordinary“ product)
(u©v)(n) = u(n) - v(n)

x: the convolution product
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o: the sequence composition
e: the series composition : if v(0) = 0,

(uev)(X) = 3 u(n) - v(X)".

n=0

2 Sequences defined by automata

We define here a class of integer sequences by means of k-pushdown automata. Specially, we use a
slightly restrictive class of k-pdas, the counter k-pdas. These are an extension of the classical counter
pda which recognize some words with a memory consisting of natural integers only. We show that
the class of sequences thus defined is closed under many natural operations.

Definition 19 (Counter k-pushdown store). Let I' be an alphabet with a distinguished symbol
c €T'. The set of k-counter pushdown stores over I, with counter c, is denoted k-cpds(I") and defined
by:
1-cpds(T") = (c[e])* k + 1-cpds(T") = (I" - [k-cpds(I)])*.
In other words, no other symbols than ¢ can occur at level k.

Definition 20 (Counter controlled pushdown automata). Let k > 1 and N = (Ni,...,N,)
where N; is a 1iubset of N. A counter k-pda with counter controlled by N, with counter c, is a k-pda
A=(Q,X,T,C,A,qo, Z) where I' 2 {c}, C = (C4,...,Cy) with C; = {w € k-cpds(T") | |p1(w)| € N;}
and such that for every q,q € Q,w,w’ € k-pds(T),u,vw € X*, if w € k-cpds(T") and (q,u,w) — 4
(¢ v, w") then W' € k-cpds(T).

Then, the controller C tests whether the counter of the current memory belongs to the components
of N. In the rest of the paper we abbreviate “deterministic counter k-pushdown automaton” by k-
dcpda.
Definition 21 ((k:,]\_f)-computable sequences). Let N a vector of subsets of N. A sequence of

natural integers s is called a (k, N)-computable sequence iff there exists A € k-ACD()N, over a
pushdown-alphabet T' containing at least k different symbols a1, az,...,ax—1,c, with counter c, such

that, for all n > 0:

") aifas ... [ax—1[c"]]..]) =4 (qo,&,¢).

(qﬂ, aS
One denotes by Sfj the set of all (k, N)—computable sequences of natural integers (or Sk zf]\_f = (5)

This computation scheme allows to define many recurrences. Let us expose the principle with a
simple example

Example 22 (linear recurrence). Let s be the sequence defined by
5(0)=2; ¥Yn >0, s(n+1) =2s(n)+ 1.

Suppose there exists A € 2-ACD such that:
1. (qo,0*?, as[e]) <4 (qo,¢,¢),
2. Yn >0, Yw € 2-pds, (qo, ¢, az[a1™ " w) — 4 (qo, &, bala1™]az[a1™]az[a:"]w),
8. ¥n >0, Yw € 2-pds, (qo, @, ba[a1"]w) =4 (qo,€,w).

Let us check by induction over n > 0 such an automaton fulfills the following property P(n): Vw €
2-pds,

(n)

(q0,0°™, as[a1"|w) =4 (o, &, w).
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Hypothesis (1) proves P(0). Suppose P(n) for n > 0. For every w € 2-pds, we obtain by applying
hypothesis (2), hypothesis (3), then two times P(n):

s(n+1)

(o0, Jazlar™Mw) =4 (g0, 0"tV balar™az[a1 " az]ar"w)
=4 (g0, 0"V aglar"azlar "w)
=4 (go, a7 50" w)
:;-A (qov8 w)

Then, P(n) is true for every n > 0, and in the particular case where w = e, A computes the sequence
s.
Let us prove there exists an automaton in 2-ACD fulfilling hypothesis (1), (2) and (3). Let A =

({0, 1}, {a}, T, A, qo, Z) where I’ = {a1,a2,b2, Z} and:

(a) A(q07 g, Ll2) = (pUShl,bgbz ) qO);

(b) Aqo, €, azar) = (pop; pushy ,,,,,q1) and A(qo, €, az) = A(qo, €, aza1) = (push, 4,,,,q0),

(¢) 6(qo, @, b2) = 6(qo, v, b2a1) = (POPs; Go)-
This automaton is deterministic, transitions (a) and (c) allow the computation given hypothesis (1),
transitions (b) makes true hypothesis (2), and transition (c) allows the calculus (3).

Proposition 23. For every s € Skﬁ, one can construct Ay € k-ACY, such that L(A1) = {a*™ | n>

0}.

2.1 Some computable sequences

Definition 24 (N—rational sequences). A sequence (un)nZO is N-rational iff there is a matriz M
in N*? and two vectors L in B'*? and C' in B*™" such that un, = L-M™-C.

Proposition 25 ([FS03]). If (un)n>o0 s N-rational, then (un)n>0 € Sa.

Proposition 26 ([FS03]). Let P;(X1,...,Xp), (1 < i < p) be polynomials with coefficients in N,

Cly.vsCiy...cp €ENand , u; (1 <1i<p)be the sequence defined by u;(n+1) = P;(u1(n),...,up(n)),
and u;(0) = ¢;. Then ui € Ss.

Proposition 27. Let s be a strictly increasing sequence such that s(0) = 0, then s ' € S;(N)‘
Proof: A = ({qo},{a}, {a1},{a2}),s(N), A, go) with
A(qo,&:, a270) = (q07p0p2) for o € {0’ 1}7
A(qo, &, aza1,0) = A(qo, @, aza1, 1) = (popy, o).

Starting from a configuration (qo, o, az2[a1™]), A pops iteratively the level 1, by reading to each
iteration a terminal letter « iff the counter belongs to s(N). Finally, when the level 1 remains empty,
the length of the terminal word read is the number of elements of [1,n] N s(N), i.e., s~*(n). O

Theorem 28.

0- For every f € Sk+1’ k > 1, and every mteger c € N, sequences Ef and f +
ifvn eN, f(n )>cthenf
1- For every f,g € Sk+1) wzth k > 1, the sequence f + g belongs to Sk+1

=%, belong to Szka;

: the sequence 0 — ¢,n+ 1+ f(n) belongs to Sfjﬂ.

2- For every f,g € Sk+1’ with k > 2, the sequence f ® g, belongs to Sk+1 and for every f' € Sk+2, e
belongs to Sk+2

3- For f € Sk+1ﬁ, g € Sk, k> 2, sequences f X g and f e g belong to Skﬁﬂ

4- For every g € Sy, with k > 2, the sequence f defined by: f(n+1) = _o f(m)-g(n —m) and
F(0) =1 (the convolution inverse of 1 — X X f) belongs to Sk+1.

5- For every f € Sg, g € Sé\?, for k,1 > 2, the sequence fog belongs to S,Izr[,l.
6- For every k > 2 and for every system of recurrent equations expressed by polynomials in Si\f_‘_l [X1,...

with initial conditions in N, every solution belongs to Sfjﬂ.
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7- For every k > 2 and for every every system of recurrent equations expressed by polynomials with
undetermined X1, ..., Xp, coefficients in Sg_m, exponents in Sff_‘_l and nitial conditions in N, every

solution belongs to Skﬁ+2.

An analogous result is proved in [FS03] for sequences in Si. Except some technical parts, the
proof of Theorem 28 is essentially the same.

3 Application to the sequential calculus

We use here decidability results on k-pdas in order to demonstrate the decidability of the monadic
theory of structures (N,+1, P), for a large class of predicates P (Theorem 29 and Theorem 36)
containing for example (n|v/n])nen or (n|logn|)nen. These results can be generalised to the case of
structures with several nested predicates (Theorem 32), as for example

(N, +1, {n** }zo, {n* 2 a0, . {07 o), for kayeo ki > 0.

3.1 Extensions of (N, +1)

It is proved in [FS03] that for every sequence s calculated by a k-dcpda A (in the sense of Definition
21), the structure (N, 41, Xs(N)) is interpretable inside the computation graph of A. According to
Corollary 18, this graph has a decidable MSO-theory.

Theorem 29 ([FS03]). For every s € Sk, k > 1, the MSO-theory of (N, +1,Xs(N)) is decidable.

In the same way, we can prove that for every sequence s calculated by a A € k-ACDY (in the
sense of Definition 21), the structure (N, +1,¥s(N)) is interpretable inside the computation graph of
A. Using Corollary 18, we obtain then:

Theorem 30. If s € Sfy, with N = (N1,...,Np) such that (N,+1,N1,...,Np) has a decidable
MSO-theory, then (N,+1,¥s(N)) has a decidable MSO-theory.

Corollary 31. Structures (N, +1, (n|v/n])nen), and (N, +1, (n|logn|)nen) have a decidable MSO-
theory.
Proof: Let us describe the proof for n|y/n]. Consider the sequence s defined for n > 0 by

{ V7)) if n ¢ {m?}>0
lvn]+n  ifn € {m?}mso.

Then ¥s = (n|v/n])n>0. The sequence s belongs to S;WLQ}"’ZO. Indeed, by using Lemma 27, it is
possible to construct two automata A; and As € 2—ACD{m2}mZ(J such that A; computes |y/n] from
(qo,az2[c"]) and Az computes |/n +n| from (qo, b2[c"]). Using the controller {m?},,>0, it is easy to
compose these automata to construct B € 2 ACD{™*}m>0 calculating s(n).

Then (n|v/n])n>0 belongs to ZSém2}m2° and (N, 41, (m?)men) has a decidable MSO-theory (see
[ER66]). By applying Theorem 30, the MSO-theory of (N, +1, (n|/n])n>0) is decidable.

For the sequence (n|logn|),>0, we proceed in the same way, by using the fact that (N, +1, (2")nen)
has a decidable MSO-theory (see [ER66]). O

Theorem 32. If s € Sfy, with N = (N1,...,Np) such that (N,+1,N1,..., Npn) has a decidable
MSO-theory, then (N,+1,Xs(N), Xs(N1),..., Ls(Np)) has a decidable MSO-theory.

Proof: It is possible to construct a k-ACDY recognizing the language L € ({a}U{Bs | d € {0,1}™})*:

L={a"Yq---a*™g, |n>0,Viel,n], z; = Brg i}
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and whose computation graph consists of an infinite path labelled by the word

s(0 s(n
"By g By gy

Let Ps = {n | x5(n) = 0}. The structure S = (N, +1, Xs(N), (X5(P5))sefo,13m) is interpretable
in this graph. From Corollary 18, since (N, +1, N) has a decidable theory, the structure S so has.
Finally, (N, +1, £s(N), Xs(N1), ..., £s(Nn)) is clearly interpretable in S since for every i € [1, m],

Ts(N)) = |J  Xs(Ps)

5l (3)=1

and has then a decidable MSO-theory. O

Corollary 33. For every integers k1, ..., km > 0, the MSO-theory of the structure
<N7 +17 {nkm }TLZ()? {nkmykm_l }n207 [ERX] {nk1~-km}n20>

is decidable.

Proof: Let u;(n) = E?;O(i)nj. Clearly, Yui(n) = n* and from Theorem 28, u; € Sy since u; is
N-rational. Then, for every i € [1,m], the sequence (n*¢),en belongs to XSs.

Let us prove the corollary by induction over m > 1.

Basis: If m = 1, then (n"1),en € ISa, and from Theorem 29, the result holds.

Induction step: Suppose the corollary true for m > 1, and consider N = (N1,...,Np) with Vi € [1,m],

N; = {n’“M"‘ki | n > 0}. The sequence u.,+1 belongs to 82]\7 and Theorem 32 implies
(N, +1, Zum+1(N), s(N1),..., £s(Np,)) has a decidable MSO-theory.

In addition, Ttm+1(N) = {n*m+1}, 54 and Vi € [1,m)],

Sumri(N) ={ Y tmr(§) [0 >0} = {(n" ")+t | >0}

=0

j:nkm"

3.2 Differentiably, k-computable sequences

The particular form of the predicates ¥ s(N) considered in Theorem 29 leads naturally to the following
class of sequences.

Definition 34. Let k > 2 and N a vector of subsets of N. We define the class ZS{j C NN gs the set

TSV = [Tv|ves).

Remark 35. [t can be proved that classes ¥Sy are included in the class of “residually ultimately
periodic” (RUP) sequences studied by [CT02]. It is shown in [CT02] that for any RUP sequence s ,
the theory of (N, 41, s(N)) is decidable. It can be proved that sequences in YSY considered Theorem
82, like (n|\/(n)|)nen or (n|log(n)])nen are not RUP.

We show now classes ):Sfj are closed by many operations. The definition of the operator ¥, as
well as other classical definitions about sequences are recalled in §1.4.
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Theorem 36. .
0- For every u € ZS]kvﬂ, k > 1, and every integer ¢ € N, the sequences Eu, u+ =5 (adding c to

every term), belong to ):S],YH;

if u(n) > ¢ then u — =5 (subtracting c to every term) belongs to ZS{?H;

if u(0) > ¢, then the sequence 0 — c,n + 1 — u(n) belongs to ZS{S’H.

1- For every u,v € ZSkﬁ_‘_l, k > 1, the sequence u + v belongs to ):Sfi_l.

2- For every u,v € ZSkﬁH, k > 2, the sequence u ® v belongs to ):81,3“.

8- For every u € ZS{YH, v € XSk, k> 2, u X v belongs to ZSfjﬂ.

4- For every u € XSk, k > 2,such that v(0) > 1, the sequence u defined by: w(0) =1 and u(n +1) =
> _ou(m)-v(n—m) (the convolution inverse of 1 — Xv) belongs to XSyy1.

5- For every u € £Sg, v € ZS?’, k,l > 2, uov belongs to ):Sf:’H,l.

6- For every k > 2, if ui(n),...up(n) is the vector of solutions of a system of recurrent equations
expressed by polynomials in ZS,ISH[Xl, ooy Xp|, with instial conditions u;(0),u;(1) € N, with u;(0) <
u; (1), then ui € ):S],:’H.

Let us recall that, from Theorem 32, if (N, +1, N1, ..., N;») has a decidable MSO-theory, then for

every sequence u € ZSkﬁﬂ, the predicate P = {u(n) | n € N} leads to a structure (N, +1, P) which
has a decidable Monadic Second Order theory.
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